The purpose of this paper is to study n-dimensional compact CR-submanifolds of complex hyperbolic space CH (n+p)/2 , and especially to characterize geodesic hypersphere in CH (n+1)/2 by an integral formula.
Introduction
LetM be a complex space form of constant holomorphic sectional curvature c and let M be an n-dimensional CR-submanifold of (n − 1) CR-dimension inM. Then M has an almost contact metric structure (F,U,u,g) (see Section 2) induced from the canonical complex structure ofM. Hence on an n-dimensional CR-submanifold of (n − 1) CRdimension, we can consider two structures, namely, almost contact structure F and a submanifold structure represented by second fundamental form A. In this point of view, many differential geometers have classified M under the conditions concerning those structures (cf. [3, 5, 8, 9, 10, 11, 12, 14, 15, 16] ). In particular, Montiel and Romero [12] have classified real hypersurfaces M of complex hyperbolic space CH (n+1)/2 which satisfy the commutativity condition (C) 988 Application of an integral formula to CR-submanifolds where X is an arbitrary vector field tangent to M. Our results of the paper are complex hyperbolic versions of those in [6, 15] .
Preliminaries
Let M be an n-dimensional CR-submanifold of (n − 1) CR-dimension isometrically immersed in a complex space formM (n+p)/2 (c). Denoting by (J,ḡ) the Kähler structure of M (n+p)/2 (c), it follows by definition (cf. [5, 6, 8, 9, 13, 16] ) that the maximal J-invariant subspace
of the tangent space T x M of M at each point x in M has constant dimension (n − 1). So there exists a unit vector field U 1 tangent to M such that
where Ᏸ ⊥ x denotes the subspace of T x M complementary orthogonal to Ᏸ x . Moreover, the vector field ξ 1 defined by
is normal to M and satisfies
Hence we have, for any tangent vector field X and for a local orthonormal basis {ξ 1 , ξ α } α=2,...,p of normal vectors to M, the following decomposition in tangential and normal components:
5)
Since the structure (J,ḡ) is Hermitian and J 2 = −I, we can easily see from (2.5) and (2.6) that F and P are skew-symmetric linear endomorphisms acting on T x M and T x M ⊥ , respectively, and that 8) where T x M ⊥ denotes the normal space of M at x and g the metric on M induced fromḡ. Furthermore, we also have
and consequently,
Next, applying J to (2.5) and using (2.6) and (2.10), we have
from which, taking account of the skew-symmetry of P and (2.7),
Thus (2.6) may be written in the form
These equations tell us that (F,g,U 1 ,u 1 ) defines an almost contact metric structure on M (cf. [5, 6, 8, 9, 16] ), and consequently, n = 2m + 1 for some integer m.
We denote by∇ and ∇ the Levi-Civita connection onM (n+p)/2 (c) and M, respectively. Then the Gauss and Weingarten formulas are given bȳ
14) 
We put
Then (s αβ ) is the skew-symmetric matrix of connection forms of ∇ ⊥ . Now, using (2.14), (2.15), and (2.17), and taking account of the Kähler condition∇J = 0, we differentiate (2.5) and (2.6) covariantly and compare the tangential and normal parts. Then we can easily find that 
On the other hand, the ambient manifoldM (n+p)/2 (c) is of constant holomorphic sectional curvature c and consequently, its Riemannian curvature tensorR satisfies
for anyX,Ȳ ,Z tangent toM (n+p)/2 (c) (cf. [1, 2, 4, 19] ). So, the equations of Gauss and Codazzi imply that
for any X, Y , Z tangent to M with the aid of (2.22), where R denotes the Riemannian curvature tensor of M. Moreover, (2.11) and (2.25) yield
where Ric and ρ denote the Ricci tensor and the scalar curvature, respectively, and
is the mean curvature vector (cf. [1, 2, 4, 19] ).
Codimension reduction of CR-submanifolds of CH (n+p)/2
Let M be an n-dimensional CR-submanifold of (n − 1) CR-dimension in a complex hyperbolic space CH (n+p)/2 with constant holomorphic sectional curvature c = −4. Applying the integral formula (1.2) to the vector field U 1 , we have from which, together with (2.11) and (2.12), we can easily obtain
Furthermore, (2.20) yields 6) and consequently,
On the other hand, (2.27) and (2.28) with c = −4 yield
Substituting (3.3), (3.5), (3.7), (3.8), and (3.9) into (3.1), we have 10) or equivalently,
Thus we have the following lemma. 
holds. Then M satisfies the commutativity condition (C). Proof. Let
and let H 0 (x) be the maximal holomorphic subspace of N 0 (x), that is,
Then, by means of Lemma 3.1,
Hence, the orthogonal complement H 1 (x) of H 0 (x) in TM ⊥ is Span{ξ 1 } and so, H 1 (x) is invariant under the parallel translation with respect to the normal connection and dimH 1 (x) = 1 at any point x ∈ M. Thus, applying the codimension reduction theorem in [4] proved by Kawamoto, 19) where ∇ is the induced connection on M from that of CH (n+p)/2 , h the second fundamental form of M in M , and A the corresponding shape operator to a unit normal vector field ξ to M in M . Since i = i 2 • i 1 and M is totally geodesic in CH (n+p)/2 , we can easily see that (2.15) and (3.19) imply that
Since M is a holomorphic submanifold of CH (n+p)/2 , for any X in TM,
is valid, where J is the induced Kähler structure on M . Thus it follows from (2.5) that
for any vector field X tangent to M. Comparing this equation with (2.5), we have F = F and u 1 = u , which, together with Lemma 3.1, implies that
4. An integral formula on the model space M h 2p+1,2q+1 (r) We first explain the model hypersurfaces of complex hyperbolic space due to Montiel and Romero for later use (for the details, see [12] ).
Consider the complex (n + 3)/2-space C (n+3)/2 1 endowed with the pseudo-Euclidean metric g 0 given by 
Mathematical Problems in Engineering
Special Issue on Time-Dependent Billiards
Call for Papers
This subject has been extensively studied in the past years for one-, two-, and three-dimensional space. Additionally, such dynamical systems can exhibit a very important and still unexplained phenomenon, called as the Fermi acceleration phenomenon. Basically, the phenomenon of Fermi acceleration (FA) is a process in which a classical particle can acquire unbounded energy from collisions with a heavy moving wall. This phenomenon was originally proposed by Enrico Fermi in 1949 as a possible explanation of the origin of the large energies of the cosmic particles. His original model was then modified and considered under different approaches and using many versions. Moreover, applications of FA have been of a large broad interest in many different fields of science including plasma physics, astrophysics, atomic physics, optics, and time-dependent billiard problems and they are useful for controlling chaos in Engineering and dynamical systems exhibiting chaos (both conservative and dissipative chaos). We intend to publish in this special issue papers reporting research on time-dependent billiards. The topic includes both conservative and dissipative dynamics. Papers discussing dynamical properties, statistical and mathematical results, stability investigation of the phase space structure, the phenomenon of Fermi acceleration, conditions for having suppression of Fermi acceleration, and computational and numerical methods for exploring these structures and applications are welcome.
To be acceptable for publication in the special issue of Mathematical Problems in Engineering, papers must make significant, original, and correct contributions to one or more of the topics above mentioned. Mathematical papers regarding the topics above are also welcome.
Authors should follow the Mathematical Problems in Engineering manuscript format described at http://www .hindawi.com/journals/mpe/. Prospective authors should submit an electronic copy of their complete manuscript through the journal Manuscript Tracking System at http:// mts.hindawi.com/ according to the following timetable:
Manuscript Due December 1, 2008
First Round of Reviews March 1, 2009 
